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1. INTRODUCTION
w xIn this paper we study density results for Henig proper efficiency 11
w xand positive proper efficiency. In 1953, Arrow, Barankin, and Blackwell 1
proved a density theorem for positive proper efficiency. Over the years,
density results for various proper efficiencies were investigated by many
w xauthors, e.g., in finite-dimensional spaced by Hartley 10 , Bitran and
w x w x w xMagnanti 2 , and Henig 11 , in normed spaces by Borwein 3 , Borwein
w x w x w x w x w xand Zhuang 4 , Dauer and Gallagher 5 , Ferro 6 , Gong 9 , Jahn 14 ,
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w x w x w xPetschke 18 , Zhuang 23 , and in topological vector spaces by Fu 7 ,
w x w x w xGallagher and Saleh 8 , Makarov and Rachkowski 16 , and Song 21 .
w xIn 8 two new density results were obtained which demonstrate a
trade-off between restrictions imposed on a set A and an ordering cone S.
w xAlternative presentation of these results was offered in 16 , where one of
Ž w xthem is generalized to Hausdorff topological vector spaces see also 7 and
w x. w x21 . In normed spaces, by using the concept of a denting point, Gong 9
obtained a further refinement of the results with less restrictive assump-
tions on A andror S.
In this paper, we prove some density results in locally convex spaces
Ž . Ž w x.by exploiting the concept of point of continuity PC point see 15 . We
Ž .recall that, for any subset A of a topological vector space X, t , a point
Ž .x g A is a point of continuity or a PC point if the identity mapping
Ž Ž . < . Ž < .i: A, s X, X* “ A, t is continuous at x. In the sequel we giveA A
another formulation of this definition.
It is worth observing that our density results hold, e.g., for pseudonu-
Ž . Ž w x w x.clear or, in particular, for nuclear cones see 12 , and 19 . In normed
w xspaces, the density results obtained in 9 can be derived from the results
proved in Section 4 of this paper.
2. PRELIMINARIES
Let X be a Hausdorff topological vector space with the topological dual
X*. Let S ; X be a convex cone. Denote by Sq the dual cone of S, i.e.,
q ² : 4S s x* g X* N x*, x G 0, ; x g S ,
² :where , is the canonical bilinear form establishing the duality between
X* and X. Let Sqi be the set of all strictly positive linear functionals in
Sq, i.e.,
qi ² : 4S s x* g X* N x*, x ) 0, ; x g S and x / 0 .
wŽ . Ž .Let A be a subset of X. A A denotes the closure weak closure of
Ž .A, co A denotes the closed convex hull of A, and int A denotes the
interior of A. A nonempty convex subset B of S is a base for S if 0 f B
and
 4S s cone B s lb N b g B , l G 0 .Ž .
Ž .  4If a cone has a base, then it is pointed, i.e., S l yS s 0 . Moreover, S
qi Ž w x.has a base if and only if S / B see Proposition 3.6 of 17 . Clearly, in
normed spaces, int Sq; Sqi. The equality holds if X is a reflexive Banach
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q Ž w x.space and the norm-interior of S is nonempty see 13 . In nonreflexive
Ž w x.spaces, the equality does not, in general, hold see 22 .
Let A be a subset of X and S ; X be a closed convex cone. a g A is0
Ž .an efficient point of A with respect to S, a g E A, S , if0
A y a l yS ; S.Ž . Ž .0
Ž . Ž . Ž .  4When S is pointed, a g E A, S if and only if A y a l yS s 0 .0 0
We recall that a g A is Henig 's proper efficient with respect to S, denoted0
Ž .by a g ProE A, S , if there exists a closed convex cone K, K / X, such0
 4 Ž .that S _ 0 ; int K and a g E A, K .0
w xIn finite-dimensional spaces the above definition is due to Henig 11 .
w xIn 16 a variant of proper efficiency is defined, called generalized proper
efficiency, where a is required to be weakly efficient with respect to K0
w Ž .xinstead of requiring that a g E A, K .0
A point a g A is a positi¤e proper efficient point of A if there exists an0
h g Sqi such that
h a F h x , for all x g A.Ž . Ž .0
Ž .By Pos A, S we denote the set of all positive proper efficient points of A
Ž . Ž .with respect to S. It is easily seen that ProE A, S ; E A, S and
Ž . Ž .Pos A, S ; E A, S .
Ž w x w x.A point a g A is a denting point of A see 9 and 15 if, for any0
0-neighborhood V,
a f co A _ a q V ,Ž .0 0
Ž . Ž w x.and a g A is a point of continuity PC point for A see 15 if0
w
a f A _ a q V .Ž .0 0
Ž .Equivalently, a g A is a PC point for A if a net in A converges strongly0
Ž .to a , whenever it converges weakly to a . We denote by PC A the set of0 0
all PC points of A.
It is easy to show that every denting point of A, is also a PC point for A.
w xIt was shown in 15 that, for a bounded closed convex subset A of a
Banach space X, a is a denting point of A if and only if a is a PC point
for A and a is an extreme point of A.
3. DENSITY RESULTS IN LOCALLY CONVEX SPACES
In this section we shall prove density results for proper and positive
efficiencies. Our results are based on the following lemma.
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LEMMA 3.1. Let A be a subset of a Hausdorff topological ¤ector space X
and x g A. If for e¤ery 0-neighborhood V there exists a closed con¤ex cone
 4K / X satisfying S _ 0 ; int K such that
A [ A l x y K ; x q V )Ž . Ž .K
Ž .and E A , K / B, then x g ProE A , S . Moreo¤er, if A q S is con¤ex,Ž .K
then x g Pos A , S .Ž .
Ž .Proof. Let V be a 0-neighborhood. Since E A , K / B, by LemmaK
w x6.2 of 13 , there exists x,
x g E A , K ; E A , K .Ž . Ž .K
Ž .Hence, x g A ; x q V, x g ProE A, S , and, since V is arbitrary,K
x g ProE A , S .Ž .
Ž .Assume now that A q S is convex. Since x g E A, K , we have
Ž . Ž . Ž . Ž .A y x l yint K s B, and consequently A q S y x l yint K s
 4B. Since A q S is convex and S _ 0 ; int K, by standard separation
arguments, there exists an h g Sqi such that
h x F h x for all x g A.Ž . Ž .
Ž .Thus x g Pos A, S . This, with x g x q V, implies that x g Pos A , S .Ž .
Ž .The importance of condition ) in proving density results for different
kinds of proper efficiencies was recognized by many authors. For instance,
w xin normed spaces it was used in Theorem 4.2 of 4 to prove density of
w xsuper efficient points, in Theorem 3.3 of 23 to prove density of Henig
w xproper efficient points, and in Lemma 3.1 of 9 to prove density of positive
proper efficient points. In Hausdorff topological vector spaces it was used
w xin Lemma 4.1 of 16 to prove density of generalized proper efficient
w xpoints, and in Theorem 1 of 7 to prove density of Henig proper efficient
points.
Ž .From now on we assume that X is a locally convex space and N 0 is a
w xfamily of all balanced convex 0-neighborhoods. Following 7 we introduce
the ``expansion'' cones. Let B be a base of S. Since 0 f B, there exists a
Ž . Ž .balanced convex open neighborhood U g N 0 such that U l B q U0 0 0
Ž .  Ž . 4s B. Let N 0 s U g N 0 N U ; U . Define1 0
S [ cone B q U ,Ž .U
Ž . Ž .for U g N 0 . For any U g N 0 , S is clearly a closed convex cone. In1 1 U
the literature S is called an expansion or Henig dilating cone of S. ByU
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w x Ž .Lemma 1 of 7 , for any U g N 0 ,1
 4S / X and S _ 0 ; int S .U U
THEOREM 3.1. Let A be a weakly compact subset of X and let S ; X be a
Ž .closed con¤ex cone with a base B. If a g E A, S , then a g ProE A , SŽ .0 0
under any of the following conditions:
Ž .a a is a PC point for A,0
Ž .b 0 is a PC point for S.
Ž . Ž .Moreo¤er, if , in addition, A q S is con¤ex, then either of conditions a , b
implies that a g Pos A , S .Ž .0
Ž .Proof. According to Lemma 3.1, we start by showing that, if either a
Ž . Ž . Ž .or b holds, then for any W g N 0 there exists U g N 0 such that1
A y a l yS ; W . 3.1Ž . Ž . Ž .0 U
Ž . Ž .Suppose that 3.1 is false. Then, for some W g N 0 , there exists a net0
 Ž .4 w Ž . xa : U g N 0 ; A the set N 0 is directed by inclusion such thatU 1 1
a y a g yS and a y a f W . Since A is weakly compact, a :U 0 U U 0 0 U
Ž .4U g N 0 contains a weakly converging subnet. Without loss of general-1
 Ž .4ity, we may assume that a : U g N 0 converges weakly to some a g A.U 1
Ž .On the other hand, by the definition of S , for any V g N 0 , we haveU 1
a y a q y s yt b q q ,Ž .U 0 V V V V
where y g V, t G 0, b g B, q g U. By taking V s U we getV V V V
a y a q y s yt b q q , 3.2Ž . Ž .U 0 U U U U
 4  4where the nets y and q tend clearly to zero.U U
1. Suppose first that
;c ) 0 ;W g N 0 ’U ; W t ) c.Ž .1 U
 Ž .4This means that 1rt : U g N 0 contains a subnet converging to zero.U 1
 Ž .4Without loss of generality we may assume that the net 1rt : U g N 0U 1
converges to 0.
Ž .From 3.2 , it follows that
a y a q yU 0 U
b s y y q converges weakly to 0.U UtU
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wThis implies that 0 g B s B, which is impossible.
2. Otherwise,
’c ) 0 ’W g N 0 ;U ; W t F c.Ž .1 U
Ž .  Ž . 4By passing eventually to a family N 0 s U g N 0 : U ; W we may2 1
 Ž .4 Ž .assume that the net itself t : U g N 0 is bounded. From 3.2 , weU 1
obtain
yt b s a y a q y q t q converges weakly to a y a . 3.3Ž .U U U 0 U U U 0
Since S is weakly closed and pointed, and t b g S, we have a y a gU U 0
Ž . Ž .A y a l yS and hence a s a .0 0
0 Ž .  Ž .4 Ž .1 . If condition a holds true, a : U g N 0 converges stronglyU 1
to a , contradictory to the assumption that a y a f W for any U g0 U 0 0
Ž .N 0 .1
0 Ž .  Ž .42 . If condition b is satisfied, the net yt b : U g N 0 con-U U 1
Ž . Ž .  Ž .4 Ž .verges strongly to 0. Hence, by 3.3 , a : U g N 0 converges stronglyU 1
to a , which again leads to a contradiction.0
Since A is weakly compact, S is weakly closed and convex, by TheoremU
w x Ž Ž . .6.5 of 13 , E A l a y S , S / B. By Lemma 3.1, the conclusion0 U U
follows.
w xIn 16 an analog of Theorem 3.1 is proved in Hausdorff topological
Ž .vector spaces under condition a for a weakly closed and convex cone.
The following density result is a direct consequence of Theorem 3.1.
COROLLARY 3.1. Let A ; X be a nonempty weakly compact set and let
S ; X be a closed con¤ex cone with a base B. If either of the conditions is
satisfied:
Ž . Ž .a E A, S ; E A , S l PC A .Ž . Ž .
Ž .b 0 is a PC point for S,
Ž . Ž .then E A, S ; ProE A , S . Moreo¤er, if A q S is con¤ex, and either a orŽ .
Ž . Ž .b is satisfied, then E A, S ; Pos A , S .Ž .
Ž .Remark 3.1. Condition a of Corollary 3.1 holds for any compact
subset A of X but there exist examples of noncompact sets satisfying
Ž .condition a . For instance, the unit ball in an infinite-dimensional and
Ž . Ž w x.uniformly convex Banach space satisfies condition a see 16 . Therefore,
w x w xCorollary 3.1 generalizes Theorem 1 of 7 and refines Corollary 2.8 of 8 .
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Now we shall give examples of cones for which 0 is a PC point.
Ž w x w x w x.A cone S is a nuclear cone in X see, e.g., 12 , 19 , and 20 if for every
Ž  4p g p p s p : a g I is a family of seminorms which generates thea a
.topology of X there exists f g X* such thata
p x F f x for all x g S,Ž . Ž .a a
Ž w x. Ž .and S is pseudonuclear see 19 , if for each U g N 0 there is f g X*
such that
S l x g X N f x F 1 ; U. 4Ž .
Nuclear cones, defined by Isac, were exploited in proving the existence
Ž w x w x.of efficient points in locally convex spaces see 12 and 20 . It is easy to
see that any nuclear cone is pseudonuclear. In normed spaces, a cone is
Ž w x.pseudonuclear if and only if it is nuclear see 19 . It is obvious that for
Ž .any pseudonuclear cone in particular, any nuclear cone S, 0 is a PC point
for S.
The following relationships between nuclear cones and cones with
w x w x w xbounded bases can be found in 12 , 19 , and 20 :
1. A convex cone in a normed space is nuclear if and only if it has a
bounded base.
2. In locally convex spaces any convex cone which has a bounded
base is nuclear. To see that the converse is not true it is enough to
consider the locally convex topology in l1 defined by the seminorms
n
n< <p x s x for every x g l , n g N.Ž . Ž .Ž . Ýn k k k
ks0
The usual nonnegative cone is nuclear with respect to this topology, but it
has no base.
In consequence, in locally convex spaces, for any cone S with bounded
Ž w x w x.base, 0 is a PC point for S see also 16 , and in normed spaces 5 . In view
of the above observations, we obtain a weaker version of Corollary 3.1 by
Ž .replacing condition b with the assumption that S is a pseudonuclear
Ž w x w x w x w x.cone. This generalizes some existing results see, e.g., 7 , 8 , 9 , and 16 .
4. DENSITY RESULTS IN NORMED SPACES
ÏWhen X is a normed space, in virtue of the Eberlein]Smulian Theo-
rem, we can obtain density results under weaker assumptions. Before we
state our results we recall some basic constructions.
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Ž 5 5.Let X, ? be a normed space and let S ; X be a closed convex
Ž .cone with a base B. Since 0 f B, there exists d g 0, 1 such that dB lX
Ž .B q dB s B, where B is the closed unit ball in X. We define aX X
 4sequence S of Henig dilating cones of S in the formn
d
S s cone B q B .n Xž /n
w xBy Lemma 2.1 of 9 , we have
Ž .  4i S _ 0 ; int S , n G 1,n
Ž . Ž Ž . .ii S ; cone B q drn B , for all n G 1,nq1 X
Ž .iii S is a closed convex pointed cone for n G 2.n
THEOREM 4.1. Let X be a normed space and let S ; X be a closed con¤ex
cone with a base B. Suppose that A ; X is a weakly compact. If either of the
following conditions is satisfied:
Ž . Ž .  4a9 for each x g E A, S , if a sequence x in A con¤erges weaklyn
Ž .to x, then it con¤erges strongly to x,
Ž .  4b9 if a sequence x in S con¤erges weakly to 0, then it con¤ergesn
Ž .strongly to 0,
Ž . Ž .then E A, S ; ProE A , S . Moreo¤er, if A q S is con¤ex, E A, S ;Ž .
Pos A , S .Ž .
Ž .Proof. Let a g E A, S . As previously, basing ourselves on Lemma0
3.1, we start by showing that, for any e ) 0, there is n G 2 such that
A y a l yS ; eB . 4.1Ž . Ž . Ž .0 n X
Ž .Indeed, if 4.1 were not true, then for some e ) 0, and any n G 2, we
could find a g A with the propertiesn
5 5a y a g yS and a y a ) e .n 0 n n 0
Ž Ž Ž .. .Since yS ; ycone B q dr n y 1 B , there would exist b g B,n X n
u g B , and t G 0 such thatn X n
d
a y a s yt b q u .n 0 n n nž /n y 1
ÏSince A is weakly compact, by the Eberlein]Smulian theorem, A is
sequentially weakly compact. Hence, without loss of generality, we may
 4assume that a itself converges weakly to some a g A. Repeating then
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Ž .arguments used in the proof of Theorem 3.1, we deduce that 4.1 is true.
The conclusion follows from Lemma 3.1.
The following corollary gives a local version of Theorem 4.1. Its proof
w xfollows the lines of the proof of Corollary 2.10 in 8 .
COROLLARY 4.1. Let A be a nonempty con¤ex subset of a normed space X
and let S ; X be a closed con¤ex cone with a base B. Suppose that a g0
Ž .  5 5 4E A, S and the set A s x g A N x y a F t is weakly compact for somet 0
Ž . Ž .t ) 0. If either of the conditions a9 , b9 of Theorem 4.1 holds, then a0
g Pos A , S .Ž .
Ž .Remark 4.1. If, for each x g E A, S , x is a denting point of A, i.e.,
x f co A _ x q eB for any 0 - e - 1,Ž .Ž .X
Ž .then x is a PC point for A, and condition a9 holds. It is clear that, for a
compact subset A of X, each efficient point is a PC point for A, and
Ž .consequently condition a9 is satisfied. However, an efficient point is not
necessarily a denting point.
Ž .As already mentioned, if S has a bounded base, then condition b9
1 Ž .holds. The converse is not true. For instance, in l , condition b9 is
satisfied for any cone S, but S does not necessarily have a bounded base.
EXAMPLE 4.1. Let
1
1 <S s x g l x G x for n G 1 .Ž .n 2 n 2 ny1½ 5n
 Ž . 4S is a closed convex cone with a base B s x g S N f x s Ý x s 1 , and0 2 n
it does not possess any bounded base. To see this, consider an arbitrary
5 5base B of S. We have inf x G d , for some d ) 0. Letx g B
R2 s x s x g l1 N x s 0 for k / 2n y 1, 2n .Ž . 4n k k
The intersection B s B l R2 is a base of the cone S s S l R2 . Clearly,n n n n
5 5 Ž .we have inf x G d . Moreover, diam B G 2nd , and, therefore, B isx g B nn
unbounded.
w xRemark 4.2. Gong 9 proved Theorem 4.1 under the assumption that 0
is a PC point for S or each efficient point of A is a denting point of A.
w xTherefore, Theorem 4.1 improves Theorem 3.2 of 9 and Corollary 4.1
w x w ximproves Theorem 3.1 of 9 , as well as Corollaries 2.10 and 3.2 of 8 .
ACKNOWLEDGMENT
We are grateful to Professor Stefan Rolewicz for helpful discussions and for proposing
Example 4.1.
BEDNARCZUK AND SONG354
REFERENCES
1. K. J. Arrow, E. W. Barankin, and D. Blackwell, Admissible points of convex sets, in
Ž .``Contributions to the Theory of Games, II,'' H. W. Huhn and A. W. Tucker, Eds. , pp.
87]92, Princeton Univ. Press, Princeton, NJ, 1953.
2. G. R. Bitrian and T. L. Magnanti, The structure of admissible points with respect to cone
Ž .dominance, J. Optim. Theory Appl. 29 1979 , 573]614.
Ž .3. J. M. Borwein, On the existence of Pareto efficient points, Math. Oper. Res. 8 1983 ,
64]73.
4. J. M. Borwein and D. Zhuang, Super efficiency in vector optimization, Trans. Amer.
Ž .Math. Soc. 338 1993 , 105]124.
5. J. P. Dauer and R. J. Gallagher, Positive proper efficient points and related cone results
Ž .in vector optimization theory, SIAM J. Control. Optim. 28 1990 , 158]172.
6. F. Ferro, General form of the Arrow-Barankin-Blackwell theorem in normed spaces and
‘ Ž .the l -case, J. Optim. Theory Appl. 79 1993 , 127]138.
Ž .7. W. Fu, On the density of proper efficient points, Proc. Amer. Math. Soc. 124 1996 ,
1213]1217.
8. R. J. Gallagher and O. A. Saleh, Two generalizations of a theorem of Arrow, Barankin,
Ž .and Blackwell, SIAM J. Control Optim. 31 1993 , 247]256.
9. X. H. Gong, Density of the set of positive proper minimal points in the set of minimal
Ž .points, J. Optim. Theory Appl. 86 1995 , 609]630.
10. R. Hartley, On cone efficiency, cone convexity, and cone compactness, SIAM J. Appl.
Ž .Math. 34 1978 , 211]222.
Ž .11. M. I. Henig, Proper efficiency with respect to cones, J. Optim. Theory Appl. 36 1982 ,
387]407.
12. G. Isac, Pareto optimization in infinite dimensional spaces: the importance of nuclear
Ž .cones, J. Math. Anal. Appl. 182 1994 , 393]404.
13. J. Jahn, ``Mathematical Vector Optimization in Partially Ordered Linear Spaces,'' Peter
Lang, Frankfurt, 1986.
14. J. Jahn, A generalization of a theorem of Arrow, Barankin, and Blackwell, SIAM J.
Ž .Control Optim. 26 1988 , 999]1005.
15. B. L. Lin, P. K. Lin, and S. L. Troyanski, Characterizations of denting points, Amer.
Ž .Math. Soc. 102 1988 , 526]528.
16. E. K. Makarov and N. N. Rachkowski, Density theorems for generalized Henig proper
Ž .efficiency, J. Optim. Theory Appl. 91 1996 , 419]437.
17. A. L. Peressini, ``Ordered Topological Vector Spaces,'' Harper and Row, New York, 1967.
18. M. Petschke, On a theorem of Arrow, Barankin, and Blackwell, SIAM J. Control Optim.
Ž .28 1990 , 395]401.
19. C. Pontini, Inclusion theorems for non-explosive and strongly exposed cones in normed
Ž .spaces, J. Math. Anal. Appl. 148 1990 , 275]286.
20. V. Postolica, New existence results for efficient points in locally convex spaces ordered by
Ž .supernormal cones, J. Global Optim. 3 1993 , 233]242.
21. W. Song, Connectivity of efficient solution sets in vector optimization of set-valued
Ž .mappings, Optimization 39 1997 , 1]11.
22. D. Zhuang, Bases of convex cone and Borwein proper efficiency, J. Optim. Theory Appl.
Ž .71 1991 , 613]620.
Ž .23. D. Zhuang, Density results for proper efficiencies, SIAM J. Control Optim. 32 1994 ,
51]58.
